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Abstract. The well-founded semantics (WFS) yields a unique three-valued
model for logic programs that serves as an efficient core for skeptical reason-
ing, but lacks built-in mechanisms for choice and case-based reasoning, lim-
iting its expressiveness for problems such as decision making and planning.
Propositional SAT solvers excel at combinatorial problems but, unlike WFS,
donot naturally support reasoning under incomplete information or encoding
transitive closure properties. We present an integration of a choice operator
into WFS that preserves the suitability of the semantics for scalable, partial-
information reasoning, as well as an efficient solving procedure.
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The well-founded semantics (WFS) [12] provides a three-valued semantics for logic
programs with negation that for ground (propositional) programs is computable in
polynomial time, but its skeptical nature offers only limited support for decision
making, as WFS does not explicitly branch reasoning into alternative models. No
broadly accepted solution has emerged for overcoming this limitation through dis-
junctive rule heads [1,5,7,18,21].Wepropose an integration of a choice construct [17]
into WFS, which allows capturing nondeterministic branching in a semantically
principled manner. Notably, such controllable nondeterminism is conceptually dif-
ferent from undefinedness, which can be interpreted as epistemic uncertainty.

We introduce extended logic programswith choice (ELPC) by augmenting the syn-
tax of extended logic programs (ELP) with an explicit choice operator.We define the
semantics of such programs by extending WFSX [2], i.e., well-founded semantics
with explicit negation. We show how the combination of the choice construct and
explicit negation enables reasoning about actions in a partial information setting,
where distinguishing choice and undefinedness reflects the classical separation of
optional actions and incomplete states [9,20]. We develop support for integrity con-
straints [3, Section 7.1] for ELPC. Interestingly, this combination of nondeterminis-
tic choices and integrity constraints allows deriving facts from undefinedness.

Example 1 (Meta reasoning about undefinedness). Consider the two programs

𝜋1 =
{
𝚊 ← not 𝚊, 𝚋., 𝚋., 0 { 𝚊_𝚞𝚗𝚍 } 1.

}
𝜋2 =

{
𝚊 ← not 𝚊, 𝚋., ¬𝚋., 0 { 𝚊_𝚞𝚗𝚍 } 1.

}

and the following integrity constraints:

𝑐1 ∶ not 𝚊_𝚞𝚗𝚍 ⇚ 𝚊. 𝑐2 ∶ not 𝚊_𝚞𝚗𝚍 ⇚ not 𝚊. 𝑐3 ∶ 𝚊 ∨ not 𝚊 ⇚ not 𝚊_𝚞𝚗𝚍.
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The latter represent constraints (⇚ implications) that are evaluated against the full
model rather than being part of the model construction. During the evaluation of
𝜋1, there are two possible valid choices for 0 { 𝚊_𝚞𝚗𝚍 } 1., which result in the re-
spective well-founded models 𝑊1 = { not ¬𝚊, 𝚋, not ¬𝚋, 𝚊_𝚞𝚗𝚍, not ¬𝚊_𝚞𝚗𝚍 } and
𝑊2 = { not ¬𝚊, 𝚋, not ¬𝚋, not 𝚊_𝚞𝚗𝚍,¬𝚊_𝚞𝚗𝚍 }. Because 𝚊 is undefined in eitherwell-
founded model of 𝜋1, the integrity constraints 𝑐1 and 𝑐2 are satisfied by both. How-
ever,𝑊2 violates 𝑐3 since 𝚊 is undefined, i.e., neither true nor false, while 𝚊_𝚞𝚗𝚍 is
false in𝑊2, so the only well-foundedmodel of𝜋1 satisfying the integrity constraints
is𝑊1. Similary, the two well-founded models of 𝜋2 are𝑊3 = { not 𝚊, not ¬𝚊, not 𝚋,
¬𝚋, 𝚊_𝚞𝚗𝚍, not ¬𝚊_𝚞𝚗𝚍 } and𝑊4 = { not 𝚊, not ¬𝚊, not 𝚋, ¬𝚋, not 𝚊_𝚞𝚗𝚍, ¬𝚊_𝚞𝚗𝚍 }.
𝑊3 contains 𝚊_𝚞𝚗𝚍 but also not 𝚊 and therefore violates integrity constraint 𝑐2, so
the only well-founded model of 𝜋2 satisfying all integrity constraints is𝑊4.

We further present a program evaluation procedure for ELPC that integrates
choices into a standard WFSX evaluation algorithm via calls to a SAT solver. We
develop two optimization techniques for this procedure: first, clause learning is a
mechanism inspired by the SLX procedure [3], which is able to reconstruct and gen-
eralize the choices that led to contradictions and violations of integrity constraints.
Second, program decomposition builds on program splitting [15] and stratified sub-
programs, structuring the input program into an alternation of stratified and non-
stratified components, which can be exploited operationally.

We obtain in this way a SAT-modulo-fixpointmechanism inwhich recursive def-
initions coexist with Boolean connectives in a uniform and semantically grounded
manner. Viewed from this angle, our work contributes to the long-standing chal-
lenge of integrating inductive definitions and transitive closure into SMT solving, a
problem thatmotivated several extensions such as 𝜇Z [14] and approaches based on
ConstrainedHorn Clauses [4,13], which however are two-valued and have different
fixpoint semantics. In [16], an implementation of SAT(ID) was reported, where SAT
was extended with inductive definitions, in the style of FO(ID) [8].

We implement the proposed semantics using a standard SAT solver [6] for mak-
ing choices with an efficient encoding of cardinality constraints [19]. Further, the
development of a clause learning procedure for propagating information about con-
tradictory fixpoints back to the SAT solver and of program decomposition tech-
niquesmakes our semantics capable of handling complex logic programs.We evalu-
ate our framework using a combinatorial variant of the graphwinning problem [11],
in which the solver must mark graph nodes as winning or losing based on induc-
tive constraints, while being allowing to edit the graph through edge addition or
removal. The “undefined” truth value is assigned to nodes for which it is impossi-
ble to determine whether they are winning or losing. In this experimental setting,
we find that our SAT-based approach overall significantly outperforms an ASP en-
coding of the same semantics, solved by a state-of-the-art ASP engine [10].
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